We consider periodic review inventory control problems in directed networks, primary examples of which are distribution systems and assembly systems. External demand could occur at each node. When inventory is insufficient to meet requirements at a node, a portion of this demand is backordered and the remaining is lost. External demands, as well as lead times for inventory purchase, assembly, and transportation, are stochastic. In each period, linear sales revenues and the following costs, all linear, are charged at each node: (a) inventory purchase/assembly/transfer cost to receive inventory, (b) holding cost, (c) backorder cost, and (d) lost sales cost. When the objective function of interest is a discounted sum of profits over a finite planning horizon, it is shown that the sales prices and the inventory purchase/assembly/transfer cost parameters can be assumed to be zero without loss of generality. The result is proved for every realization of demands and lead times. Some extensions to these results are discussed. During this process, we also generalize the concept of echelon inventories to directed networks.
Introduction
In this paper, we consider periodic review inventory control problems in directed networks, primary examples of which are distribution systems and assembly systems. For example, in Figure 1 , components 7 10 are procured from an external source. Components 8 and 9 are assembled into subassembly 5. Subassemblies 5 and 6 are assembled into assembly 3 which is distributed to inventory nodes 1 and 2. External demand can occur at each node in the network and external supply is assumed to occur at nodes which have no predecessors. When demand exceeds supply at a node, a random number of the existing backorders (if any) and a random part of the excess demand within a period are lost and the remaining portion is backordered. There is a lead time, possibly stochastic, for each inventory procurement activity (purchase/assembly/transfer). Linear procurement, holding, backorder, and lost sales costs are charged every period. We assume that all inventory at the end of a finite planning horizon is "completely salvaged." (This term will be defined precisely later.) A similar assumption is made about backorders.
Obviously, the problem of optimizing expected profits over a finite planning horizon by controlling inventories is complicated in this general setting; we do not consider it here. Instead, we focus on the sales prices and cost parameters in this system, namely procurement, holding, backorder, and lost sales costs. Our objective is to show that for every system of this kind, there is an equivalent accounting model where sales prices and inventory procurement costs are zero. The parameters of this alternate accounting model are also stated. It is shown that for every realization of demands and lead times, the discounted sum of profits accrued over a finite horizon, and hence the expected value of this sum, for these two models differ only by an amount independent of the operating policy of the system. Consequently, any effort to determine optimal or approximately optimal operating policies for these systems can be restricted to those with zero sales prices and zero procurement costs. There are at least two reasons why this result is useful. First, when one uses simulations to compare different operating policies for these systems, there are fewer parameters to be varied. Second, eliminating the sales prices and procurement costs is often useful in analyzing the stochastic dynamic programs associated with periodic review, inventory control problems.
In Veinott and Wagner (1965) , a classic paper on single location inventory theory with backordering, the authors assume that inventory at the end of the horizon can be salvaged with a return of the purchase cost and backlogged demand at the end of the horizon can be satisfied by a purchase at the purchase cost. They use this assumption to prove that the accounting model they use is equivalent to one in which purchase costs are ignored. Rosling (1989) proves and makes use of a similar result, showing that the unit sales price and unit production cost can be assumed to be zero for an infinite horizon, assembly system problem under complete backordering. It appears that it is "understood" that these linear costs can be assumed to be zero without loss of generality in multiechelon systems with backorders. However, Rosling (1989) is the only paper with a rigorous justification (for assembly systems) of this fact in multilocation systems to our knowledge. In this paper, we extend this result to directed networks with the following additional features: (a) external demand can occur at every node, (b) demand can result in backorders and/or lost sales, and (c) lead times can be random. In the process of showing this result, the "echelon inventory" concept is extended to sales, backorders, and lost sales in directed networks. In §2, we present the necessary notation and describe the sequence of events in a period. The main result is stated and proved in §3. Some extensions and observations are presented in §4.
Notation
Let us begin by defining the notation used in the remainder of this paper.
(a) J = 1 2 J is the set of nodes in the system. j, k, and m are used as indices for nodes. Zero is used to denote any external supplier.
(b) S j is the set of immediate successors of node j. (For assembly systems, the cardinality of S j is one for all j.) (c) j is the set of immediate predecessors to node j. (For distribution systems, the cardinality of j is one for all j.) (d) Let
Echelon j or E j = j ∪ set of all successor nodes to node j and P j = j ∪ set of all predecessor nodes to node j
In Figure 1 , for example, P 3 = 3 5 6 8 9 10 and E 6 = 6 4 3 2 1 .
(e) Let jk be the number of units of j required for one unit of k, k ∈ S j . This definition is extended recursively as follows: jm = k∈S j jk · km ∀ m ∈ E j . For example, in Figure 1 , if 95 is 2, 96 is 3, 53 is 4, and 63 is 6, then 93 is 2 * 4 + 3 * 6, which is 26; that is, 26 units of subassembly/component 9 are present in one unit of subassembly 3.
(f) n is the index for the time period.
(g) The planning horizon consists of periods 0
is a discount factor and r = 1 − / is the interest rate (0 < < 1). Note that r can be considered to be the opportunity cost of capital and could be computed using the relationship = 1/ 1 + r .
Next, let us define the sequence of events occurring in period n at node j.
(0) x n j is the on-hand inventory at node j plus inventory in transit to S j at the beginning of period n. will be used to refer to the corresponding quantities at the end of the horizon, that is, the end of period N .
(1) Inventory purchase/transfer/assembly decisions are then made at each node. We use "inventory procurement" to mean purchase, assembly, or transfer of stock. (A centralized decision maker is assumed to exist. Consequently, inventory transfer/assembly decisions within the system do not contribute to backorders or lost sales; only the external demand does. In other words, when there is no inventory at a node, a procurement order cannot be placed on this node by an immediate successor. When this immediate successor is an assembly node, that node cannot place an assembly order. Note that having inventory on hand but not satisfying all external demand at a node is allowed.) An inventory procurement order placed in a period leads to a supply of inventory at the destination node after some random lead time.
(2) q n j units of inventory are received at j in period n. (These receipts are due to inventory procurement decisions made in period n or earlier.) A cost C j · q n j is charged at this time, where C j is the incremental unit cost of procuring inventory at node j. Note that because we are modeling sales revenues explicitly through R j , L j includes only the loss of goodwill cost incurred during a lost sale. Similarly, because procurement costs are explicitly modeled by C j , H j does not include the interest on the procurement cost.
Therefore, the profit realized in period n at node j is given by
Note that the accounting of holding and backorder costs in our model is identical to the cost model in Rosling (1989, p. 567) for assembly systems. The only reason they appear different is the following: the holding and backorder costs are written in terms of echelon net inventory, X l it , in Rosling's paper, while we write them explicitly using the echelon on-hand inventory and the echelon backorders.
In addition, at the end of period N , node j has a salvage opportunity, that is, it receives S j · x N +1 j for inventory and receives R j − S j · b N +1 j for backorders. Complete salvage is assumed, that is, S j equals the sum of the procurement costs from the external supplier to node j, k∈P j kj C k . Note that C k is only the incremental procurement cost at node k, whereas S j is the cumulative procurement cost for a unit at j. Thus, the discounted sum of profits is
Note that five parameters R j , C j , B j , H j , and L j are associated with each node j. The goal of this paper is to show that we can assume R j and C j are zero for all j without loss of generality.
It is important to remember that x 
Main Result
The conjecture is proved through two main steps. To begin, recall that all the revenues and costs introduced in §2 were based on the state variables associated with nodes. Although this node-based model is sufficient for the purpose of accounting the system profits in every period, an alternate accounting model, which is based on the concept of "echelon inventories," is often more useful for analyzing these multiechelon inventory systems. Clark and Scarf (1960) introduced and used the echelon inventory concept. We will first show the existence of an equivalent accounting model based on the state variables associated with echelons. This is a natural extension of the "echelon inventory" concept introduced by Clark and Scarf. It can then be shown that the sales prices and procurement costs can be assumed to be zero by modifying the other cost parameters in this echelon accounting model. The analysis presented examines a specific realization of demands and lead times.
First, we define H 0 , B 0 , C 0 , L 0 , and S 0 to be zero. Let us now define the "echelon-based model" for all j in J (˜is used to denote echelon variables): Let
The claim that S j is equal to C j can be proved using the definitions of S j , S j , and mj for m ∈ P j and some straightforward algebra. Let us also define
These are the natural echelon-based definitions: for example,x n j is node j's echelon on-hand inventory while H j is the incremental holding cost in echelon j. We now prove that the profits realized in any period are the same in the node-based and echelon-based models. 
The proof is completed by observing that j∈P k jk H j equals H k using some straightforward algebra.
Similarly, note that
The following corollary is a direct consequence of the definitions of and , the preceding equation, and Lemma 1.
Corollary 1. =
Corollary 1 confirms the notion that the node-based accounting model and the echelon-based accounting model are equivalent.
Next, let us consider the inventory balance equation
The left-hand side of the above equation represents the sum of the discounted procurement costs and a part of the salvage revenue at echelon j. The first two terms on the right-hand side consist of expressions proportional to the discounted sum of echelon holding, backorder, and lost sales costs. The last two terms depend on the starting conditions and external demand. Similarly, observe that
using the fact that the backorders are increased by demand and decreased by sales and lost sales, and
These observations, along with straightforward algebraic manipulations, provide the proof for the following theorem.
Theorem 2. The transformation
leads to the transformation → + a function of the starting conditions and external demand.
Proof. Expanding using (3.2) and (3.3), we get
where the second equality is derived from (3.4) and (3.5).
The cost transformations have an intuitive interpretation. The echelon holding cost is increased by the interest payment on the unit procurement cost; the echelon backorder cost is increased by the interest earned on the unit profit margin; and the lost sales cost is increased by the unit profit margin to reflect the true lost sales cost.
Corollary 2 adapts this theorem to the node-based model. The intuition behind the transformations in the echelonbased model extends to the node-based transformations; the cost parameters are now adjusted by the effective unit procurement cost or the effective unit profit margin or the interest on it. The proof is straightforward and is based on the echelon-based variable definitions. Proof. The vectors C j and C j are identical and so the transformations C k → 0 and C k → 0 are equivalent. Also, the vectors H j and H j have a one-to-one correspondence. Because H j equals H j − k∈ j kj H k , the inverse relationship is given by
Corollary 2. The transformation
Similar statements can be made about R j , B j , and L j as well. This shows the equivalence of the set of transformations (3.6) and the set of transformations (3.8). Finally, Corollary 1 and (3.7) imply (3.9).
The optimal inventory control problem for this system involves the choice of order quantities for each node in every period to maximize the expected value of . Corollary 2 implies that the solution to this problem does not change when the sales prices and the cost parameters are transformed. In fact, the difference in the discounted profits of any two operating policies remains the same after this transformation. Consequently, the inventory procurement costs and sales prices can be assumed to be zero without loss of generality.
Extensions and Observations
We now make several concluding observations and state some extensions to the results described earlier.
First, note that lead times did not figure explicitly anywhere in the proofs or theorems. This is because the cost function depends on the sequence of procurement orders placed by a node j only through the actual sequence of receipts q n j . The relationship between these two sequences is governed by the realization of the lead time process. For every such realization, a given sequence of orders generates the same sequence of receipts in the system before and after the cost transformation.
Second, our assumption about completely salvaging inventory and backorders at the end of the horizon may be unrealistic. However, infinite horizon problems with discounted costs can be modeled using a sequence of finite horizon problems. Consequently, the discounted value of the salvage costs converges to zero in the limit. When the expected long-run average profit per period (that is, an undiscounted model) is the performance measure, the transformations (3.6) and (3.8) hold with r set to zero.
Third, when all lead times are deterministic, it is possible to consider an accounting model where procurement costs are charged at the time of placing the order. In this case, we can transform this new accounting model into our model by adjusting all these costs by factors equal to the discount rates applied to the appropriate lead times. Similarly, when lead times associated with a given node are independently and identically distributed (i.i.d.), the new accounting model can be transformed into our model by adjusting the procurement costs by the expected discount rates applied over the random lead times. (Of course, with i.i.d. lead times, the cost transformation result would hold only with respect to expectations taken over the lead time processes.) Fourth, suppose rather than assuming a discrete time environment, procurement decisions are made continuously. In this case, we would evaluate alternate control systems using the steady state expected profit per unit time performance measure (additional assumptions are required to ensure that the steady state exists). Using the fact that in steady state, the expected rate of inflow of inventory into echelon j equals the difference between the demand rate at echelon j and the rate of lost sales at echelon j, we can easily verify that the transformations R j → 0, C j → 0, and L j → L j + R j − k∈P j kj C k shift the profit of any policy by an amount independent of the policy.
